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Although regarded today as an important resource in quantum information, nonlocality has
yielded over the years many conceptual conundrums. Among the latter are nonlocal aspects of
single particles which have been of major interest. In this paper, the nonlocality of single quanta is
proved using a delayed choice modification of quantum measurement outcomes that are functionally
dependent on the complex-valued weak values in a square nested Mach–Zehnder interferometer with
spatially separated measuring devices. We show that if spacelike separated Bob and Alice are able to
freely control their quantum devices, the geometry of the setup constrains the local hidden variables
models to use hidden signaling and a list of contextual instructions to either prepare convex mix-
tures of the initial probability distributions or scramble weight–probability histograms for different
measurements. We prove that in both cases local hidden variables models predict observable results
that differ from the correct quantum distributions. Our analysis also demonstrates that the recently
proposed weak values of quantum histories are inherently nonlocal physical quantities with exper-
imentally measurable consequences due to their functional dependence on the total Feynman sum
that yields the complex-valued quantum probability amplitude for the studied quantum transition.
PACS numbers: 03.65.Ta, 03.65.Ca, 03.65.Ud
I. INTRODUCTION
In 1927 at the Fifth Solvay International Conference
on Electrons and Photons, Albert Einstein presented a
thought experiment, which conceptualized the nonlocal-
ity embedded in the collapse of the wavefunction of sin-
gle quanta at the time of measurement [1]. Einstein’s
experiment could be constructed with the use of a single-
photon source, a beam splitter and two detectors, which
are never found to click together at the same time as
required by the conservation of energy [2, 3]. Since ac-
tion at a distance contradicts the spirit of relativity the-
ory, Einstein argued that quantum mechanics should be
completed by the addition of local hidden variables that
describe individual quantum processes [1]. According to
such viewpoint, individual quanta could preserve local re-
alism by always taking a single path on their route to one
of the measuring devices provided that these paths re-
main hidden to direct experimental observation [4]. Yet,
subsequent research of entangled quantum systems [5–
12] has shown that imposing locality on hidden variables
leads to incorrect prediction of quantum results.
Classical realism demands that all physical observ-
ables have exact pre-determined values independently of
whether they are measured [13]. The Kochen–Specker
theorem, however, shows that quantum measurement
∗Electronic address: danko.georgiev@mail.bg
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outcomes are contextual and it is impossible for all quan-
tum observables to have exact pre-determined values that
are then revealed by the measurement [14–20]. Although
classical systems are able to behave in a contextual man-
ner [21–23], classical contextuality is based on a list of
pre-determined input-output instructions that demand
physical memory [24–26]. Einstein’s revision of classical
mechanics further asserts that classical systems should
be relativistic and integrate only local information that
is transmitted at most at luminal speed [27, 28]. In
contrast, quantum systems utilize nonlocal information
about the settings of distant physical devices to enforce
quantum correlations between distant measurement out-
comes at apparently superluminal speed [29–31]. Thus,
quantum contextuality of spatially separated entangled
quantum systems is manifested as a form of nonlocality.
While violation of Bell’s inequalities [5–7] by entangled
pairs of quanta has been tested and quantum nonlocal-
ity confirmed in numerous experiments, e.g. [32–35], the
possible demonstration of quantum nonlocality with sin-
gle quanta has been debated and contested [36–44].
In this work, we utilize a delayed choice modification of
the complex-valued weak values [45] of alternative quan-
tum histories [46] to demonstrate that single quanta are
nonlocal even if the existence of hidden contextual el-
ements of reality and hidden signaling at luminal speed
are granted. We show that insofar the hidden elements of
reality use classical contextuality and do not send signals
at superluminal speeds, they are unable to mimic ex-
actly the experimentally observed quantum distributions
of pointer observables of a weak measuring device or vi-
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2olate the observed quantum probabilities. In comparison
to an earlier modification of Einstein’s experiment [40],
our setup is a genuine single quantum experiment since
the quantum under study is in an eigenstate of the parti-
cle number operator. Because superposition of the single
quantum with the vacuum state is not required [36–43],
our experiment is not subject to superselection rules and
applies to massive particles as well as photons.
II. SQUARE NESTED MACH–ZEHNDER
INTERFEROMETER
In the setup shown in Fig. 1, Alice and Bob each have
access to only one of two interferometer arms, which are
separated by a large distance. On path 1, Alice measures
an observable of the pointer that is a function of the weak
value (x1)w of the position projector xˆ1 = ∣x1⟩⟨x1∣ using
a measuring device M . On path 3, Bob chooses the value
of a phase shifter ϕ ∈ (−pi,pi).
If the quantum particle moves at speed v and the inter-
ferometer arms are of length L, to ensure lack of signaling
between Alice and Bob at a distance
√
2L, all detectors
Di and Alice’s device M have to be strongly measured at
a time t = L/v after Bob’s action, which is ∆t = (√2
c
− 1
v
)L
ahead of time before any signal from Bob could reach
Alice at luminal speed. To ensure ∆t > 0, the quantum
particle has to move at speed v > 1√
2
c.
Since we are interested in different post-selections, we
will use superscripts to denote the quantum probabil-
ity amplitudes ψ
(i)
j propagating along different quantum
histories Dˆi ⊙ xˆj ⊙ Sˆ, where i ∈ {1,2,3} denotes the de-
tectors Di and j ∈ {1,2,3} denotes the interferometer
arms xj . Thus, there is a one-to-one correspondence
ψ
(i)
j ↔ Dˆi ⊙ xˆj ⊙ Sˆ. (1)
Also, we will denote the weak value of the projector xˆj
for post-selected Di as (xj)(i)w , which is given by the ratio
of the quantum probability amplitude for the individual
Feynman history through xj and the total Feynman sum
from S to Di (cf. Theorem 8 in [46])
(xj)(i)w = ψ(i)j∑j′ ψ(i)j′ . (2)
A. Post-selection at D1
For the calculation of the weak value (x1)(1)w , there are
only 3 continuous quantum histories from the source S
to detector D1 that need to be summed over
ψ
(1)
1 = 12 ı; ψ(1)2 = 14 ı; ψ(1)3 = −14 ıeıϕ. (3)
Bob
1
2
3
Alice
S
M
ϕ
1D
2D
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2B
Figure 1: A square nested Mach–Zehnder interferometer in
which a single quantum particle can travel from the source S
to three detectors Di. On path 1, Alice measures an observ-
able of the meter pointer that is a function of the weak value(x1)w, while on path 3, Bob controls a phase shifter ϕ.
The weak value to be measured by Alice depends nonlo-
cally on Bob’s choice
(x1)(1)w = ψ(1)1
ψ
(1)
1 + ψ(1)2 + ψ(1)3 =
1
2
ı
1
2
ı + 1
4
ı − 1
4
ıeıϕ
= 2
3 − eıϕ ;
(4)
Re [(x1)(1)w ] = 3 − cosϕ5 − 3 cosϕ ; (5)
Im [(x1)(1)w ] = sinϕ5 − 3 cosϕ ; (6)∣(x1)(1)w ∣2 = 25 − 3 cosϕ. (7)
In the absence of the weak measuring device, detector D1
clicks with probability P1 = 18(5−3 cosϕ). In the presence
of the weak measuring device this probability is modified
by a certain amount given in Eq. (E5).
B. Post-selection at D2
There are only 3 continuous quantum histories from
the source S to detector D2 that need to be summed
over
ψ
(2)
1 = −12 ; ψ(2)2 = 14 ; ψ(2)3 = −14eıϕ. (8)
The weak value again depends nonlocally on Bob’s
choice, but solely due to its imaginary part
(x1)(2)w = ψ(2)1
ψ
(2)
1 + ψ(2)2 + ψ(2)3 = −
1
2− 1
2
+ 1
4
− 1
4
eıϕ
= 2
1 + eıϕ ;
(9)
3Re(x1)(2)w = 1; (10)
Im(x1)(2)w = − sinϕ1 + cosϕ ; (11)∣(x1)(2)w ∣2 = 21 + cosϕ. (12)
In the absence of the weak measuring device, detector D2
clicks with probability P2 = 18(1+ cosϕ). In the presence
of the weak measuring device this probability is modified
by a certain amount given in Eq. (E6).
C. Post-selection at D3
Because the quantum history through x1 contributes
zero quantum probability amplitude to D3, the weak
value is always zero
(x1)(3)w = 0. (13)
Detector D3 clicks with probability P3 = 14(1+cosϕ) with
or without the weak measuring device.
Let the experiment be repeated many times, using a
single quantum particle in the interferometer per each
run. We are interested to find out whether it is possible
to explain the observed outcomes using any local hidden
variables model of quantum mechanics.
III. QUANTUM MEASUREMENTS OF
POINTER OBSERVABLES DEPENDENT ON
WEAK VALUES
Before we proceed further, it is important to know the
quantum distributions for pointer observables of Alice’s
weak measuring device M , which are functionally depen-
dent on the weak values of quantum histories for different
post-selections of the single quantum particle traversing
the interferometer.
Alice’s measuring device M starts with a real-valued
Gaussian position wavefunction centered at zero
φ0(x) = 1(2piσ2) 14 e− x24σ2 . (14)
The interaction Hamiltonian between the single quan-
tum particle S and the measuring device M is
Hˆint = gδ(t − tm) Aˆ⊗ pˆx, (15)
where Aˆ is an observable for the measured quantum par-
ticle S and pˆx = h̵kˆx is the meter variable conjugate
to the meter pointer variable xˆ. Further, the quantum
particle S evolves with internal Hamiltonian HˆS ⊗ IˆM ,
while the internal Hamiltonian of the meter is suppressed
IˆS ⊗ HˆM = 0.
The composite system starts from the initial state
∣ψi⟩∣φ0⟩ = ∣ψi⟩∫ ∞−∞ φ0(x)∣x⟩dx (16)
and evolves in time with the operator
Tˆf,m e− ıh̵ g Aˆ⊗pˆx Tˆm,i (17)
where Tˆb,a = e− ıh̵ ∫ tbta HˆS⊗IˆM dt are internal time evolution
operators of the measured quantum particle S.
For the post-selected system in a final state ∣ψf ⟩, the
projected (not normalized) final meter wavefunction in
the position basis is
φf(x) = ⟨ψf ∣Tˆf,i∣ψi⟩(2piσ2) 14 [(1 −Aw) e− x24σ2 +Awe− (x−g)24σ2 ] (18)
where Aw is the weak value defined in Eq (2), and we
have utilized the fact that the observable of interest is
a projection operator represented by an idempotent ma-
trix, Aˆ2 = Aˆ. (For a complete analytic derivation of the
latter formula see Appendix D.)
After applying the Born rule, the corresponding final
meter probability density distribution is
Φf(x) = ∣φf(x)∣2 = ∣⟨ψf ∣Tˆf,i∣ψi⟩∣2 1√
2piσ2
e− x22σ2 [1 − 2Re (Aw) (1 − e x2−(x−g)24σ2 ) + ∣Aw ∣2 (1 − e x2−(x−g)24σ2 )2] . (19)
If Alice measures M in the wavenumber basis, the final meter wavefunction is Fourier transformed into
φf(k) = ⟨ψf ∣Tˆf,i∣ψi⟩ ( 2
pi
σ2) 14 e−k2σ2 [1 −Aw +Awe−ıgk] (20)
with corresponding final meter probability density distribution
Φf(k) = ∣φf(k)∣2 = ∣⟨ψf ∣Tˆf,i∣ψi⟩∣2 √ 2
pi
σe−2k2σ2 {1 + 2Im (Aw) sin (gk) − 2 [Re (Aw) − ∣Aw ∣2] [1 − cos (gk)]} . (21)
The probability of post-selection of the quantum particle S in a final meter state ∣ψf ⟩ at detector Df is affected by
4a certain amount due to the weak interaction with the measuring device M as follows
Prob (Df) = ∫ ∞−∞ ∣φf(x)∣2 dx = ∫ ∞−∞ ∣φf(k)∣2 dk = ∣⟨ψf ∣Tˆf,i∣ψi⟩∣2 {1 − 2 [Re (Aw) − ∣Aw ∣2] (1 − e− g28σ2 )} (22)
where ∣⟨ψf ∣Tˆf,i∣ψi⟩∣2 is the probability for the quantum particle to end at detector Df in the interferometer in the
absence of weak measuring device and the second factor is due to quantum interference of the pointer position involving
the corresponding weak value.
IV. LOCAL HIDDEN VARIABLES MODEL
Einstein’s principle of locality states that an action
performed on a system S1 must not modify the physi-
cal description of another system S2 for any two physical
systems that are spacelike separated. Thus, an effect
cannot occur from a cause that is not in its past light
cone. Similarly, a cause cannot have an effect outside its
future light cone. A physical model is local if it satisfies
Einstein’s principle of locality.
Relativistic classical particles can travel along a single
path, but not along two or more paths at the same time.
In order to reproduce the correct quantum distributions
that depend on the weak values of corresponding quan-
tum histories, the particle needs to visit both Alice (to
affect her weak measuring device M) and Bob (to obtain
information about his choice of phase shifter ϕ). Since in
our setup the particle does not have the time to visit at
a luminal speed both Alice and Bob along a single path,
the particle would necessarily fail to reproduce correctly
all the observable quantum outcomes without invoking
some additional hidden signaling.
With hidden signaling, the particle may receive new
information while traveling inside the interferometer and
may use a list of contextual instructions for navigation.
To make local choices, however, the particle has to rely
on classical mixtures of statistical distributions.
To proceed, we consider a general local hidden vari-
ables model characterized by the following three proper-
ties (for a detailed discussion of each property see Ap-
pendix B and C):
(1) The particle and Alice’s measuring device possess a
probabilistic mechanism that could generate an outcome
drawn from any given statistical distribution Λ.
(2) If hidden signals exist, they travel at most at lu-
minal speed and cannot have any physical effects outside
their future light cones.
(3) The particle possesses memory and executes a list
of contextual instructions, which allow usage of new in-
formation obtained through hidden signals.
In addition, we arrange the setup so that Bob is able
to choose the setting of the phase shifter ϕ in a delayed
fashion only after the particle has passed the first beam
splitter B1.
In a spacelike separated manner from Bob’s action,
Alice performs her projective measurement of the weak
measuring device M shortly after the single quantum has
passed the second beam splitter B2, but before hidden
signaling from B2 could reach M . If Alice is given the
choice to occasionally block completely her interferome-
ter arm, she will detect the quantum particle with prob-
ability of 1
2
. Therefore, in order to be consistent with the
quantum mechanical predictions any local hidden vari-
ables model should predict that at the first beam split-
ter B1, the particle goes with equal probability toward
either Alice or Bob.
V. PROOF OF QUANTUM NONLOCALITY
Because Alice chooses which observable (xˆ or kˆ) to
measure on M only after the single quantum has passed
through all beam splitters, the local hidden variables
model is constrained to operate without knowledge of
Alice’s choice. In such case, the probabilistic mechanism
possessed by quantum systems in the local hidden vari-
ables model could operate in two modes of commitment:
(1) Commitment to a distribution Λ in case some par-
ticular observable is measured.
(2) Commitment to an outcome λ drawn from distri-
bution Λ in case some particular observable is measured.
To prove quantum nonlocality, we shall demonstrate
that neither of the two modes of commitment by the local
hidden variables model is able to reproduce the correct
quantum predictions.
A. Case ϕ = 0
The initial setting of the interferometer introduces no
phase shift, ϕ = 0, at Bob’s location. If Bob does not
change the phase shifter ϕ, the quantum could reach de-
tector D3 with probability of
1
2
while the weak measuring
device is committed to one of two incompatible initial
probability distributions (default Bob’s distributions)
ΦB(x) = 1√
2piσ2
e− x22σ2 , (23)
ΦB(k) = √ 2
pi
σe−2k2σ2 , (24)
which is going to be generated at the time when Alice
chooses to actually measure xˆ or kˆ.
Alternatively, the quantum could reach detectors D1
or D2 with probability of
1
4
each, while the weak mea-
suring device is committed to change conditionally on
5Alice’s choice of a measurement basis into one of the
following final probability distributions (default Alice’s
distributions)
ΦA(x) = 1√
2piσ2
e− (x−g)22σ2 , (25)
ΦA(k) = √ 2
pi
σe−2k2σ2 . (26)
The local hidden variables model is able to repro-
duce the correct quantum distributions through hidden
signaling obtained from the point of bifurcation at the
first beam splitter B1 as follows: To replicate correctly
the quantum probabilities, at B1 the particle has to go
with equal probability to one of the two interferometer
arms that lead to Alice or Bob. If at B1 the particle
goes to Bob, it has to exit always at D3 to account for
Prob (D3) = 12 . Alice’s device M is cued by the particle
absence to make a commitment to select probabilistically
an outcome from the initial distributions ΦB upon mea-
surement of xˆ or kˆ. If at B1 the particle goes to Alice,
the device M is cued by the particle presence to make a
commitment to select probabilistically an outcome from
the shifted distributions ΦA upon measurement of xˆ or kˆ,
after which the particle goes to B2, where it is reflected
with equal probability to either D1 or D2 to account for
Prob (D1) = Prob (D2) = 14 . Thus, the local hidden vari-
ables model reproduces exactly the correct quantum dis-
tributions if the quantum experiment is performed with-
out any action by Bob.
B. Case ϕ ≠ 0
The experimental setup is arranged so that Alice and
Bob could choose to completely block their interferome-
ter arms in a delayed choice fashion after the quantum
particle has passed B1. From coincident measurements
when both Alice and Bob block their corresponding arms,
it could be established that at B1 the quantum particle
goes with probability 1
2
to Alice and 1
2
to Bob. Because
for ϕ = 0 the distributions of the weak measuring de-
vice ΦA and ΦB are perfectly correlated with the beam
splitting of “non-empty waves” for the single quantum
particle at B1, the local hidden variables model should
use hidden signaling (“empty waves”) propagated from
B1 to M in order to select from ΦA or ΦB in perfect cor-
relation with the quantum particle (“non-empty wave”)
traversing Alice’s or Bob’s interferometer arm, respec-
tively. To enforce locality, “empty waves” can never pro-
duce a quantum particle, whereas the “non-empty wave”
always produce the quantum particle upon measurement
(for details, see Appendix A, B and C).
If Bob introduces a non-zero phase shift, ϕ ≠ 0, in a
delayed choice fashion such that the particle has already
passed B1 and Bob’s choice is spacelike separated from
the final projective measurement of the weak measuring
deviceM , at the second beam splitter B2 the local hidden
variables model could deliver remote information about ϕ
(obtained through hidden signaling from Bob to B2) to
operate on a statistical mixture of ΦA and ΦB due to con-
tribution of “non-empty waves” from Bob’s arm: The
quanta that arrive at detector D3 with probability of
1
4
(1 + cosϕ) are perfectly correlated with ΦB thereby
reproducing correctly the quantum outcomes for post-
selected D3. Because
1
2
of “non-empty waves” traverse
Bob’s interferometer arm, at B2 arrive quanta correlated
with ΦA with probability of
1
2
and quanta correlated with
ΦB with probability
1
2
− 1
4
(1 + cosϕ) = 1
4
(1 − cosϕ). The
hidden signaling received at B2 provides remote informa-
tion for both Bob’s choice ϕ and the prior commitment
to Φi at M allowing for statistical mixing of ΦA and ΦB .
In essence, at the second beam splitter B2 the local
hidden variables model will have to use the information
for Bob’s choice ϕ in order to split single quanta with the
following distributions
Φ+(x) = 1
2
ΦA(x) + 1
4
(1 − cosϕ)ΦB(x), (27)
Φ+(k) = 1
2
ΦA(k) + 1
4
(1 − cosϕ)ΦB(k). (28)
This is consistent with the correct quantum distributions
as a consequence of the quantum no-communication the-
orem [47–50]. Indeed, from Eqs. (19) and (21) (see also
Appendix E) it can be directly verified that
Φ+(x) = Φ1(x) +Φ2(x), (29)
Φ+(k) = Φ1(k) +Φ2(k), (30)
Because Alice’s choice of measurement basis (x or k) is
not available at B2, however, the local hidden variables
model is unable to split correctly the available quan-
tum distributions before B2, Φ+(x) or Φ+(k), into the
correct quantum distributions after B2, Φ1(x) or Φ1(k)
for D1 and Φ2(x) or Φ2(k) for D2. We shall consider the
two modes of commitment by the local hidden variables
model separately.
1. Commitment to a distribution
Because Alice’s measuring device M does not have ac-
cess to Bob’s choice ϕ, it has to make a commitment
for future action, which is then sent to the second beam
splitter B2. If M is committed only to a distribution ΦA
or ΦB , the task at B2 would be to prepare the correct
quantum distributions for D1 or D2 as a convex com-
bination of ΦA and ΦB . This task, however, cannot be
achieved for ϕ ≠ 0.
Theorem 1. Let a normalized distribution Φi(λ) be a
convex combination of two other normalized distributions
ΦA(λ) and ΦB(λ) expressed as
Φi(λ) = wAΦA(λ) +wBΦB(λ) (31)
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Figure 2: Plots of w
(1)
B (x) (top) and w(2)B (x) (bottom) for
g = 1, σ = 1 and ϕ = pi
2
. Gray regions between 0 and 1
indicate weights accessible by local hidden variables models
through convex combination of default distributions. Critical
tests of local hidden variables models could be performed for
x outcomes whose weights are outside the region [0,1].
where wA ≥ 0, wB ≥ 0, and wA + wB = 1. Then, the
corresponding weights are constants determined by
wA = Φi(λ) −ΦB(λ)
ΦA(λ) −ΦB(λ) , (32)
wB = Φi(λ) −ΦA(λ)
ΦB(λ) −ΦA(λ) . (33)
Proof. Substitution of wB = 1 − wA in Eq. (31) followed
by algebraic rearrangement gives Eq. (32). Similarly,
Eq. (33) is obtained using wA = 1 −wB in Eq. (31).
The normalized quantum distributions Φ˜1(x), Φ˜2(x),
Φ˜1(k) or Φ˜2(k) for post-selected detectors D1 or D2
that need to be reproduced by the local hidden variables
model are given in Appendix E. To experimentally rule
out the hidden variables model, it is sufficient to identify
regions with quantum measurement outcomes for which
the weights are outside the admissible region [0,1].
For measurement in x-basis, w
(1)
A (x) = Φ˜1(x)−ΦB(x)ΦA(x)−ΦB(x)
contains a region of x outcomes with w
(1)
A (x) > 1 for
ϕ ∈ (0,2pi) and a region of x outcomes with w(1)A (x) < 0
for ϕ ∈ (0.11,2pi−0.11). Similarly, w(2)A (x) = Φ˜2(x)−ΦB(x)ΦA(x)−ΦB(x)
contains a region of x outcomes with w
(2)
A (x) > 1 for
ϕ ∈ (0,2pi) and a region of x outcomes with w(2)A (x) < 0
for ϕ ∈ (0.065,2pi − 0.065). Converse results with re-
spect to 0 and 1 hold for w
(1)
B (x) = 1 − w(1)A (x) and
w
(2)
B (x) = 1−w(2)A (x) (see Fig. 2 for a numerical example).
For measurement in k-basis, all weights are undefined
due to division by zero resulting from ΦA(k) = ΦB(k).
In other words, it is impossible to obtain shifted distri-
butions Φ1(k) or Φ2(k) through convex mixing of the
initial distribution with itself.
2. Commitment to an outcome
The remaining alternative that could be attempted by
the local hidden variables model is to commit M for each
run j to a particular outcome xj or kj drawn from the
correct quantum distributions Φ+(x) or Φ+(k).
If Alice is limited to a single measurement of the same
observable, the local hidden variables model could easily
use the weights of splitting towards the two detectors in
order to prepare the correct distributions Φ1 and Φ2.
As an example, suppose that Alice always measures
the observable xˆ. The weights of splitting towards D1 or
D2 at the second beam splitter B2 are
w1(x) = Φ1(x)
Φ+(x) , w2(x) = Φ2(x)Φ+(x) . (34)
Because the weights of splitting are not constant, but ex-
hibit functional dependence on the outcome x, the prior
commitment of M to generate particular xj would pro-
vide the required information at B2 for correct reproduc-
tion of the quantum distributions Φ1(x) and Φ2(x).
Similarly, if Alice always measures the observable kˆ,
the prior commitment of M to generate kj would pro-
vide the required information at B2 for splitting with
the correct weights
w1(k) = Φ1(k)
Φ+(k) , w2(k) = Φ2(k)Φ+(k) . (35)
To prove quantum nonlocality in our setup, however,
we have allowed Alice to choose which observable to mea-
sure, xˆ or kˆ, only after the single quantum particle has
passed the second beamplitter B2. The local hidden vari-
ables model is thereby forced to attempt matching xj and
kj outcomes based on their weights of splitting.
Definition 1. (Weight–probability histogram of a com-
posite distribution) Let Φ+(λ) be a normalized proba-
bility distribution composed of two other distributions
Φ+(λ) = Φ1(λ)+Φ2(λ). The weight functions for splitting
w1(λ) = Φ1(λ)
Φ+(λ) , w2(λ) = Φ2(λ)Φ+(λ) , (36)
7are bound within the range [0,1] and w1(λ) +w2(λ) = 1.
Divide the weight function range into n bins of width ∆w.
The probability pn of the nth bin in the histogram is given
by integration of Φ+(λ) over the domain region Rλ for
which (n − 1)∆w ≤ wi(λ) ≤ n∆w. Compactly, the his-
togram is defined by the following integral measure
p(i)n = ∫ ∞−∞ θ [wi (λ) − (n − 1)∆w]Φ+(λ)dλ−∫ ∞−∞ θ [wi (λ) − n∆w]Φ+(λ)dλ (37)
where θ(⋅) is the Heaviside step function. Since w1(λ) +
w2(λ) = 1, the weight–probability histograms for each of
the two component distributions are with identical shape
but reversed bins, p
(1)
1 = p(2)n , p(1)2 = p(2)n−1, p(1)3 = p(2)n−2, . . .
Theorem 2. Let Φ+(x) and Φ+(k) be two incompati-
ble distributions only one of which could generate a mea-
surement outcome, xj or kj, per each run j. Without
knowledge of which distribution will be used to generate
the outcome for each run j, the two distributions could
be split unconditionally into component distributions such
that Φ+(x) = Φ1(x) +Φ2(x) and Φ+(k) = Φ1(k) +Φ2(k),
if and only if the weight–probability histograms of Φ+(x)
and Φ+(k) are identical for any finite width ∆w of the
bins.
Proof. Without knowledge of the measurement basis,
correct splitting can be achieved if the weights are equal
w1(xj) = w1(kj) (since w2 = 1 − w1, it also follows that
w2(xj) = w2(kj)). Then, consider the domain regions
R(x) for which w1(x) = w1(xj) and R(k) for which
w1(k) = w1(kj). If the probabilities for drawing and out-
come from R(x) or R(k) are not the same, it would be
the case that either p[R(x)] < p[R(k)], hence some xj′
will be drawn with kj such that w1(xj′) ≠ w1(kj), or
p[R(k)] < p[R(x)], hence some kj′ will be drawn with
xj such that w1(kj′) ≠ w1(xj). Splitting with incorrect
weights, however, will scramble the distributions Φ1(x)
and Φ2(x) or Φ1(k) and Φ2(k). Therefore, the probabil-
ities for drawing and outcome from R(x) or R(k) have
to be the same, p[R(x)] = p[R(k)]. Because the dis-
cussed weight w1(xj) = w1(kj) was arbitrary, the corre-
spondence should extend over all weights in the weight–
probability histograms of Φ+(x) and Φ+(k).
To rule out the local hidden variables model, it suf-
fices to select the parameter values for the setup so
that the the weight–probability histograms of Φ+(x) and
Φ+(k) are manifestly different. As an example, numer-
ical analysis with g = 1, σ = 1 and ϕ = pi
2
(Fig. 3) con-
firms that the weights w2(x) = Φ2(x)Φ+(x) and w2(k) = Φ2(k)Φ+(k)
have largely different upper and lower bounds, namely,
0.146 ≤ w2(x) ≤ 0.5 and 0.029 ≤ w2(k) ≤ 0.971. This dif-
ference leads to manifestly different weight–probability
histograms whose overlapping coefficient
OVL = 1 − 1
2
∑
n
∣pn [w (x)] − pn [w (k)]∣ (38)
is < 0.42. For critical experimental tests, it is not needed
to investigate the complete histograms but focus only on
k outcomes whose weights w2(k) are with zero support
from w2(x).
Taken together the results that neither local commit-
ment to a distribution nor local commitment to an out-
come is able to reproduce the correct quantum distribu-
tions at D1 or D2, show that the quantum outcomes gen-
erated at M require nonlocal integration of information
for both Bob’s choice ϕ and Alice’s choice of a measure-
ment basis, x or k.
The presented analysis is valid for any value of g and
does not require the limit g → 0. The non-zero weak
coupling g ≠ 0 in Eq. 18 creates quantum entanglement
between the quantum particle and the weak measuring
device, which is then instrumental for the manifested
quantum nonlocality.
∣Ψ(x)⟩ = 1
4
ı (3 − eıϕ) ∣D1⟩∫ +∞−∞ 1(2piσ2) 14 [(1 − 23 − eıϕ ) e− x24σ2 + 23 − eıϕ e− (x−g)
2
4σ2 ] ∣x⟩dx
−1
4
(1 + eıϕ) ∣D2⟩∫ +∞−∞ 1(2piσ2) 14 [(1 − 21 + eıϕ ) e− x24σ2 + 21 + eıϕ e− (x−g)
2
4σ2 ] ∣x⟩dx
− 1√
8
ı (1 + eıϕ) ∣D3⟩∫ +∞−∞ 1(2piσ2) 14 e− x24σ2 ∣x⟩dx. (39)
For zero weak coupling g = 0, the composite system loses its dependence on the weak values of quantum histories
from the source to the detectors and becomes factorizable into separable states for the quantum particle and the weak
measuring device, thereby lacking quantum nonlocality
∣Ψ(x)⟩ = [1
4
ı(3 − eıϕ)∣D1⟩ − 1
4
(1 + eıϕ)∣D2⟩ − 1√
8
ı(1 + eıϕ)∣D3⟩]⊗ ∫ +∞−∞ 1(2piσ2) 14 e− x24σ2 ∣x⟩dx. (40)
Thus, if Bob can make a free choice of ϕ and Alice a free choice of a measurement basis, x or k, the weak value
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Figure 3: Plots of w2(x) and w2(k) (left) with corresponding weight–probability histograms p[w2(x)] and p[w2(k)] computed
with weight bins of width ∆w = 0.02 (right) for g = 1, σ = 1 and ϕ = pi
2
.
formula (2) provides the means for experimental confir-
mation of nonlocality of quantum information needed by
the weak measuring device in order to produce the cor-
rect quantum distributions for all post-selections.
VI. DISCUSSION
In this work we have shown that the weak values of
quantum histories are inherently nonlocal in nature and
can be exploited to experimentally demonstrate the non-
locality of single quanta. In particular, the complex-
valued weak values of quantum histories (cf. Eq. 2) cor-
respond to relative quantum probability amplitudes that
depend nonlocally on all paths coherently explored in
a quantum superposition by the quantum system [46].
The weak measuring device exhibits pointer distributions
that in general may depend on both the real and imagi-
nary part of the weak value (cf. Eqs. (19) and (21)). To
prove quantum nonlocality, however, extraction of the
weak values is not needed.
Instead, we utilize the nonlocal dependence of the weak
values of quantum histories (cf. Eq. 2) on Bob’s choice
ϕ performed outside the light cone of the final projective
measurement of M by Alice in order to show that the
generated quantum distributions by M are functionally
dependent on both Bob’s and Alice’s actions and this de-
pendence could not be replicated through local commit-
ment of M to a distribution or an outcome. Because the
observed pointer distributions produced by M are real, it
is the assumption of locality that prevents local hidden
variables models from replicating the correct quantum
outcomes in the square nested Mach–Zehnder interfer-
ometer shown in Fig. 1. Noteworthy, even a very general
local classical measurement model capable of inferring
both real and imaginary parts of weak values, would face
the same problems whenever the complex-valued weak
values are influenced by physical causes that are not in-
side the past light cone of the final projective measure-
ment of the weak measuring device M , due to the fact
that Einstein’s principle of locality explicitly forbids such
dependence on causes outside the past light cone of the
projective measurement.
Importantly, the quantum mechanical predictions are
the same regardless of how close to the second beam split-
ter B2 the weak measuring device M and the two detec-
tors D1 and D2 are positioned. The spatial arrangement
of all these physical devices, however, is of great signifi-
9cance for the local hidden variables model. If the distance
from B2 to M is much shorter than the distance from B2
to D1 and D2, then it would be possible for hidden signal-
ing to travel backwards from B2 to M and overwrite any
incorrect distribution for the pointer observable with the
correct quantum distribution. In contrast, if the distance
from B2 to M is much larger than the distance from B2
to D1 and D2, then it would be impossible for hidden
signaling to travel at luminal speed backwards from B2
and reach M in time to overwrite the incorrect distribu-
tion for the pointer observable with the correct quantum
distributions discussed in Section V. Thus, the proof of
quantum nonlocality depends not only on the observed
quantum outcomes, but also on the exact geometry of
the physical devices in space and time.
It should be noted that nonlocal hidden variables mod-
els experience no difficulties in reproducing the quantum
outcomes from weak measurements. For example, the
guiding equation of the actual (hidden) particle posi-
tions Qk for a quantum system with N particles in de
Broglie–Bohm model [51–54] is given by
dQk
dt
= h̵
mk
Im [ψ∗∇kψ
ψ∗ψ ] (Q1, . . . ,QN) (41)
where the particle index k runs from 1 to N , mk is
the mass of the k-th particle and ∇k = ( ∂∂xk , ∂∂yk , ∂∂zk )
is the gradient with respect to the generic coordinates
qk = (xk, yk, zk) of the k-th particle in the Schro¨dinger
picture (dqk
dt
= 0). This guiding equation uses directly the
nonlocal information contained in the many-body wave-
function ψ(q1, . . . ,qN), which solves the Schro¨dinger
equation
ıh̵
∂ψ
∂t
= Hˆψ. (42)
Consequently, de Broglie–Bohm model is able to repro-
duce correctly the results obtained in the square nested
Mach–Zehnder setup. This is only natural because the
wavefunction ψ from the Schro¨dinger equation is already
inbuilt as a nonlocal physical ψ-field [51, 52] into the for-
mulation of de Broglie–Bohm model at a fundamental
axiomatic level.
Alternatively, from the perspective of quantum infor-
mation theory, there is no need for additional hidden
variables. Instead, the quantum wavefunction ψ is con-
sidered to be a complete, nonlocal description of reality.
Furthermore, a fundamental quantum theorem by Busch
[55] establishes that the quantum wavefunction ψ is not
observable, which effectively makes ψ itself analogous to
a nonlocal hidden variable. In essence, our main point
is that even if there are hidden elements of reality, as
posited by Einstein, these hidden elements should be non-
local, endowed with the quantum information theoretic
properties of ψ.
The presented proof of quantum nonlocality is con-
ceptually a form of Bell’s theorem without inequalities.
The original proof of Bell’s theorem required a pair of
entangled quanta and different sets of quantum measure-
ments of noncommuting quantum observables [5, 6]. Be-
cause noncommuting quantum observables are incompat-
ible and cannot be all determined in a single measure-
ment, Bell’s original argument results in an inequality,
which will be satisfied by all local hidden variables mod-
els, but will be violated by quantum mechanics. Ex-
periments with single quanta violating a type of Bell’s
inequality were also proposed [40, 41] and recently per-
formed [37, 38]. The use of Bell’s inequalities, however,
could be avoided. Research by Hardy and others [10, 56–
59], has shown that it is possible to design an experiment
with a single measurement, of a set of commuting quan-
tum observables, performed on a pair of entangled quanta
that produces at least one measurement outcome that is
impossible to occur according to local hidden variables
models. In this respect, our proof is similar to the proof
given for Hardy’s experiment [10], with the main differ-
ence that we achieve the inconsistency between detector
measurement outcomes and local hidden variables mod-
els with the use of a single quantum in the interferometer
instead of a pair of quanta.
Post-selections are indispensable in our proof of quan-
tum nonlocality, and provide the strongest kind of nonlo-
cality that is consistent with quantum mechanics. With-
out any post-selection, the weak measuring device M has
a total distribution Φtotal = 12(ΦA + ΦB) for any ϕ in
both quantum mechanics and the general local hidden
variables model. The lack of dependence of Φtotal on
ϕ follows from the quantum no-communication theorem
[47–50], and shows that the nonlocality allowed by quan-
tum mechanics can only be unveiled by post-selections.
By definition, local hidden variables models cannot in-
tegrate nonlocal information. Consequently, contextual-
ity of local hidden variable models needs to rely on classi-
cal statistical mixtures of commitments to distributions
or outcomes in the absence of complete information of
spacelike separated actions by Alice or Bob. This leads to
experimentally measurable differences between the pre-
dictions by the local hidden variables model and the cor-
rect quantum distributions. Thus, nonlocality of single
quanta can be tested experimentally as posited by Ein-
stein, however, one needs to use modern techniques such
as weak measurement [45] and recent theorems on the
measurement and interpretation of weak values [46, 60–
67]. The analysis of the presented experiment enhances
our understanding of quantum nonlocality as originating
from the nonlocal interaction of the wavefunction ψ of
single quanta with spacelike separated devices and high-
lights the nonlocal nature of weak values corresponding
to quantum histories.
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Appendix A: Nonlocal interpretation versus
nonlocal ontology
The quantum wavefunction ψ, which solves the
Schro¨dinger equation, is subject to physical interpreta-
tion. In 1927, Einstein formulated two different concep-
tions of quantum theory that describe different physical
ontologies [1]. Later work by John Bell showed that Ein-
stein’s two conceptions are not empirically indistinguish-
able interpretations of quantum theory, but are empiri-
cally distinguishable models that predict different experi-
mental outcomes for suitably designed experiments [5, 6].
Conception 1 : The quantum wavefunction ψ does not
correspond to a single particle, but to an ensemble of par-
ticles extended in space. The theory gives no information
about individual processes, but only about the ensemble
of infinitely many elementary processes. According to
this statistical point of view, ∣ψ∣2 expresses the probabil-
ity that a particular particle from the ensemble exists at
the point considered, for example at a given point on a
screen. Thus, quantum theory is incomplete, but can be
completed by local hidden variables that localize individ-
ual particles during their propagation.
Conception 2 : The quantum wavefunction ψ corre-
sponds to single particles and provides a complete de-
scription of individual processes. According to this onto-
logical point of view, ∣ψ∣2 expresses the probability that
at a given instant the same particle is present at a given
point. Thus, quantum theory refers to an individual pro-
cess and claims to describe everything that is governed
by predefined laws. If ∣ψ∣2 is regarded as the probabil-
ity that a given particle is found at a certain point at
a given time, it could happen that the same elementary
process produces an action in two or several places on the
screen, namely, two particles are detected instead of one.
Thus, to satisfy the conservation of energy a nonlocal
mechanism of action at a distance is required, which pre-
vents the wave, continuously distributed in space, from
producing a simultaneous action in two places on the
screen, namely, the detection of the particle somewhere
on the screen leads to nonlocal collapse of the wavefunc-
tion manifested as nonlocal zeroing of the probability for
detecting the particle elsewhere.
Einstein rejected Conception 2 because for him it con-
tradicted the theory of general relativity. He believed
that quantum nonlocality is an interpretation-dependent
artifact that is a consequence of the assumed complete-
ness of quantum theory. Following the work of Bell, how-
ever, now we know that Conception 1 endorsing local hid-
den variables is not an interpretation of quantum theory,
but a physical model that cannot reproduce all quantum
mechanical experiments.
In this work, we aimed to show that quantum physics
1
2
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Figure 4: Einstein’s experiment constructed with the use of
a single-photon source S, a beam splitter B and two distant
detectors D1 and D2, which are never found to click together
at the same time as required by the conservation of energy.
involves nonlocal ontology for single particles, which is
not an artifact of the nonlocal interpretation of the quan-
tum wavefunction ψ. Therefore, we had to design an ex-
periment whose experimental outcomes cannot be repli-
cated by any local hidden variables model. In our proof
of nonlocal quantum ontology, we used a general local
hidden variables model that is able to replicate the exper-
imental outcomes of Einstein’s experiment and Wheeler’s
delayed choice experiment. Next, we show that the main
characteristics of the general local hidden variables model
are constrained by the requirement to replicate the ex-
perimental outcomes of the latter two experiments.
Appendix B: Local hidden variables model of
Einstein’s experiment
The quantum mechanical description of Einstein’s ex-
periment (Fig. 4) involves unitary evolution Tˆf,i of the
initial quantum state ∣S⟩ into a quantum superposition
of two distant final states ∣D1⟩ and ∣D2⟩ as follows
Tˆf,i∣S⟩ = 1√
2
(∣D1⟩ + ı∣D2⟩) (B1)
Upon measurement in position basis at time tf , the final
superposed state collapses in one of the two final states∣D1⟩ and ∣D2⟩ with probabilities given by the Born rule⎧⎪⎪⎨⎪⎪⎩
1√
2
(∣D1⟩ + ı∣D2⟩)→ ∣D1⟩ with Prob(D1) = 12
1√
2
(∣D1⟩ + ı∣D2⟩)→ ∣D2⟩ with Prob(D2) = 12 (B2)
The wavefunction collapse at tf appears to be a non-
local event, because the conservation of energy requires
the probabilities of firing of the two distant detectors D1
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and D2 to be dependent, namely, D1 never clicks if D2
does, and vice versa. In fact, accepting the quantum
mechanical description of individual quantum processes
as complete would make all quantum measurements to
appear nonlocal at the time of measurement.
As noticed by Einstein, however, it is possible to con-
struct a local hidden variables model by shifting the
wavefunction collapse to an earlier time tb when the
quantum particle passes through the beam splitter B.
Einstein’s strategy is to explain the observed correlations
between distant measurement outcomes through past lo-
cal selections at points of bifurcation of quantum trajec-
tories. The passage through the beam splitter is a local
event, hence the quantum particle should be able to per-
form locally a weighted random choice R with probabili-
ties given by a statistical distribution Λ that is consistent
with the predictions of quantum mechanics. Thus, local
ontology could be restored in Einstein’s experiment only
if the local hidden variables model is endowed with the
following characteristic property:
Property 1 : Quantum particles possess a probabilis-
tic mechanism that performs weighted random choice R
with probabilities given by any statistical distribution Λ.
This would allow quantum particles to select a single path
at points of bifurcation of quantum trajectories.
For the present purposes, we could grant the existence
of a genuinely indeterministic random choice R, which
is due to a true Random Number Generator (RNG) as
opposed to deterministic Pseudo-Random Number Gen-
erator (PRNG). In this respect, the general local hidden
variables model considered here could possess an addi-
tional resource that is unavailable to deterministic clas-
sical physical models.
Appendix C: Local hidden variables model of
Wheeler’s delayed choice experiment
Quantum interference effects are sensitive to all phys-
ical influences exerted on the available alternative quan-
tum trajectories for the particle. The quantum mechan-
ical description of Wheeler’s delayed choice experiment
(Fig. 5) involves unitary evolution Tˆf,i of the initial quan-
tum state ∣S⟩ into a quantum superposition of two alter-
native trajectories ∣1⟩ and ∣2⟩ that may or may not be
recombined by a second beam splitter B2 whose insertion
is decided in a delayed fashion only after the particle has
passed the first beam splitter B1.
In the absence of the second beam splitter B2, the
unitary evolution Tˆf,i of the initial quantum state ∣S⟩
leads to a quantum superposition of two final detector
states ∣D1⟩ and ∣D2⟩ as follows
Tˆf,i∣S⟩ = 1√
2
(ıeıϕ1 ∣D1⟩ − eıϕ2 ∣D2⟩) (C1)
The particle arrives at each of the two detectors with
equal probability of 1
2
. Because the quantum amplitude
reaching detector D1 or D2 picks the extra phase by only
1
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Figure 5: Wheeler’s delayed choice experiment performed
with the use of a Mach–Zehnder interferometer. The presence
of the second beam splitter B2 is decided in a delayed fashion
only after the particle has passed the first beam splitter B1.
one of the phase shifters ϕ1 or ϕ2, it appears that the
particle has traveled through the corresponding interfer-
ometer arm 1 or 2.
In the presence of the second beam splitter B2, how-
ever, the unitary evolution Tˆf,i of the initial quantum
state ∣S⟩ leads to quantum interference of the phase shifts
picked up from both interferometer arms
Tˆf,i∣S⟩ = 1
2
[ı (eıϕ1 − eıϕ2) ∣D1⟩ − (eıϕ1 + eıϕ2) ∣D2⟩] (C2)
The particle arrives atD1 with probability of
1−cos(ϕ1−ϕ2)
2
and at D2 with probability of
1+cos(ϕ1−ϕ2)
2
. Clearly, the
particle needs to have the information about the values
of both phase shifters ϕ1 and ϕ2 in order to produce
the observable quantum outcomes. Because according
to Property 1 the particle can take probabilistically only
a single trajectory, the introduction of hidden signaling
is necessary in order to reproduce the experimental out-
comes in Wheeler’s delayed choice experiment. Thus, the
local hidden variables model should also be endowed with
the following characteristic properties:
Property 2 : Quantum particles could explore available
alternative trajectories with the use of hidden signals that
travel at most at luminal speed.
Property 3 : Quantum particles posses memory and
could execute a list of contextual instructions, which al-
low usage of new information obtained through hidden
signals.
For the present purposes, we could grant the existence
of any type of hidden signals (particles or waves) provided
that the hidden signals cannot be directly observed and
do not generate physical particles upon quantum mea-
surement (so called “empty waves” in de Broglie–Bohm
model). Furthermore, we could grant an arbitrarily large
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memory and processing power available to the quantum
particle for making use of the hidden signals. The im-
portant constraints are that the velocity of the hidden
signals is not superluminal and distant changes in the
physical system do not have an instantaneous effect upon
the current list of contextual instructions executed by the
quantum particle.
With the above properties, the general local hidden
variables model easily replicates the measurement out-
comes in Wheeler’s delayed choice experiment: The
quantum particle probabilistically takes a single path in
the interferometer and picks up locally the phase shift
encountered, ϕ1 or ϕ2. When the particle arrives at B2,
it receives a hidden signal about the phase shift on the
alternative path, ϕ2 or ϕ1. Lastly, if B2 is absent, the
particle goes to D1 if it traveled along path 1 and to D2 if
it traveled along path 2. Else, if B2 is present, the parti-
cle uses its memory and processing power to compute the
quantum interference patterns Prob(D1) = 1−cos(ϕ1−ϕ2)2
and Prob(D2) = 1+cos(ϕ1−ϕ2)2 , after which with the use
of its weighted random choice mechanism R selects one
of the two detectors D1 or D2 in accordance with the
computed quantum probabilities.
Appendix D: Analytic derivation of the final meter
wavefunction
To solve for the exact final meter state analytically,
we use the formal definition of the matrix exponential of
the interaction Hamiltonian as an infinite power series
[68–70]. Once the complex-valued weak value Aw is gen-
erated using inner products of the projection operator Aˆ,
the obtained infinite power series could be transformed
into a sum of two exponentials. This mathematical pro-
cedure elucidates the origin of the weak values and is
well-defined for any strength of the coupling parameter g.
For the post-selected system in a final state ∣ψf ⟩, the
projected (not normalized) final meter wavefunction in
position basis can be expanded as follows
⟨x∣φf ⟩ = ⟨ψf ∣Tˆf,m (e−ıgAˆ⊗kˆ) Tˆm,i∣ψi⟩φ0(x)
= ⟨ψf ∣Tˆf,m [ ∞∑
n=0
1
n!
(−ıgAˆ⊗ kˆ)n] Tˆm,i∣ψi⟩φ0(x)
= ⟨ψf ∣Tˆf,m (1 − ıgAˆ⊗ kˆ − 1
2!
g2Aˆ2 ⊗ kˆ2 + 1
3!
ıg3Aˆ3 ⊗ kˆ3 + 1
4!
g4Aˆ4 ⊗ kˆ4 − . . .) Tˆm,i∣ψi⟩φ0(x). (D1)
For the particular case of a projection operator represented by an idempotent matrix, Aˆ2 = Aˆ, after expressing the
wavenumber operator in position basis kˆ = −ı ∂
∂x
, we obtain
φf(x) = ⟨ψf ∣Tˆf,i∣ψi⟩ [1 −Aw (g ∂
∂x
− 1
2!
(g ∂
∂x
)2 + 1
3!
(g ∂
∂x
)3 − 1
4!
(g ∂
∂x
)4 + . . .)]φ0(x) (D2)
where Aw is the weak value defined in Eq (2). Then we employ the fact that the exponential of the differential
operator acts as a translation operator
φf(x) = ⟨ψf ∣Tˆf,i∣ψi⟩ {(1 −Aw) +Aw [1 − g ∂
∂x
+ 1
2!
(g ∂
∂x
)2 − 1
3!
(g ∂
∂x
)3 + 1
4!
(g ∂
∂x
)4 − . . .]}φ0(x)
= ⟨ψf ∣Tˆf,i∣ψi⟩ [(1 −Aw) +Aw ∞∑
n=0
1
n!
(−g ∂
∂x
)n]φ0(x)
= ⟨ψf ∣Tˆf,i∣ψi⟩ [(1 −Aw) +Awe−g ∂∂x ]φ0(x) = ⟨ψf ∣Tˆf,i∣ψi⟩ [(1 −Aw)φ0(x) +Awφ0(x − g)]
= ⟨ψf ∣Tˆf,i∣ψi⟩ (2piσ2)− 14 [(1 −Aw) e− x24σ2 +Awe− (x−g)24σ2 ] (D3)
The presented mathematical technique is also able to generate exact analytical results for observables represented
by an involutory matrix, Aˆ2 = Iˆ, however, it may not lead to simple expressions in a closed form for an arbitrary
observable Aˆ [68–70].
Appendix E: Quantum distributions of the pointer for different post-selections
The correct quantum distributions for post-selected detectors D1 or D2 that need to be reproduced by the local
hidden variables model can be obtained from Eqs. (19) and (21) with the use of the corresponding weak values in
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Eqs. (4) and (9) as follows
Φ1(x) = 1
8
(2piσ2)− 12 e− x22σ2 [2e x2−(x−g)22σ2 + (1 + 2e x2−(x−g)24σ2 ) (1 − cosϕ)] , (E1)
Φ2(x) = 1
8
(2piσ2)− 12 e− x22σ2 [2e x2−(x−g)22σ2 + (1 − 2e x2−(x−g)24σ2 ) (1 − cosϕ)] , (E2)
Φ1(k) = 1
8
σ
√
2
pi
e−2k2σ2 [3 − cosϕ + 2 cos (gk) − 2 cos (ϕ + gk)] , (E3)
Φ2(k) = 1
8
σ
√
2
pi
e−2k2σ2 [3 − cosϕ − 2 cos (gk) + 2 cos (ϕ + gk)] . (E4)
The probabilities of detector clicking for D1 or D2 in
the presence of the weak measuring device are
Prob (D1) = 1
8
[3 − cosϕ + 2e− g28σ2 (1 − cosϕ)] , (E5)
Prob (D2) = 1
8
[3 − cosϕ − 2e− g28σ2 (1 − cosϕ)] . (E6)
For post-selected Df , the normalized final meter dis-
tribution in basis j is
Φ˜f(j) = 1
Prob(Df)Φf(j). (E7)
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